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Abstract 
In this paper, we introduce the concept of a forcing single edge in a hexagonal system H, 
which is an edge of H belonging to all but one perfect matching of H. We completely determine 
all the hexagonal systems with a forcing single edge. A generating function for the number of 
such systems is also given. 
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1. Introduction 
A hexagonal system, also called a hexanimal, polyhex or benzenoid system, is a 
finite 2-connected plane (geometric) graph in which every interior region is a regular 
hexagon of side length one. As suggested, for example, in [2-41, such systems are 
of interest to graph-theorists because of their nice properties, and to chemists because 
they represent commonly occurring benzenoid hydrocarbon molecules. 
A perfect matching of a hexagonal system H (or, equivalently, a Kekuli structure 
of a benzenoid system in chemistry) is a set of independent edges which cover all 
the vertices of H. H is KekuEan if it has a perfect matching M. The edges in A4 
(respectively, not in M) are called M-double (respectively, M-single) bonds or edges. 
An edge that is double (respectively, single) for every perfect matching of H is called 
a fixed double (respectively, jixed single) bond or edge. An edge that is double (res- 
pectively, single) for exactly one perfect matching of H is called a forcing double 
(respectively, forcing single) bond or edge. 
These concepts arise from both chemistry and physics (see [2, 61). For example, for 
a benzenoid hydrocarbon H with a bond rs between two carbon atoms r and s, let 
* Supported by NSFC, the Third World Academy of Sciences and the Institute of Mathematics, National 
Autonomous University of Mexico, Mexico. 
0 166-2 18X/97/$17.00 Copyright 0 I997 Elsevier Science B.V. All rights reserved 
SSDI 0166-218X(95)00116-6 
296 X Lit Discrrte Applied Mathematics 72 (1997) 295-301 
Fig. I 
K and K,, denote, respectively, the total number of Kekule structures of H, and the 
number in which YS is a double bond. In 1935 the ratio P,, = K,,/K was suggested as 
a measure of the length of the chemical bond between Y and s. The quantity P = P,,, 
called the Pauling bond order [9], correlates well with experimentally determined bond 
lengths in various benzenoid hydrocarbons. Clearly, 
for a fixed single edge: P = 0, 
for a forcing double edge: P = 1/K, 
for a forcing single edge: P = 1 - (l/K), 
for a fixed double edge: P= 1. 
Fixed single and double edges were discussed in [8, lo]. Forcing double edges, called 
there simply forcing edges, were introduced in [6], and hexagonal systems containing 
them were characterized and enumerated in [12]. Forcing single edges are introduced 
here for the first time, and hexagonal systems containing them are characterized in 
Theorem 2 and enumerated at the end of this paper. 
It is clear that if there is a fixed double edge in a hexagonal system, then there 
must be fixed single edges also. However, there can be fixed single edges but no fixed 
double edges; see [2, lo]. Also, there can be forcing double edges but no forcing single 
edges: see Fig. 1 (Triphenylene) in which the marked edges are forcing double edges. 
But we shall show in Lemma 3 that if there is a forcing single edge, then there must 
be forcing double edges also. Since there cannot be both forcing and fixed edges (by 
Lemma 2 below and [12]), all questions involving the simultaneous existence of the 
four different types of edge in hexagonal systems are now answered. 
The four types of edge can also be defined in other graphs. The following simple 
algorithm will test whether an edge e in a graph G is a forcing single edge: starting 
with G\e, delete a pendent edge and both its end vertices, and iterate until there are 
no pendent edges left. Then e is a forcing single edge if and only if we have reached 
the empty graph 0. 
2. Preliminaries 
Let H be a hexagonal system. If for every edge e of H there is a perfect matching 
containing e as a double bond, then we call H a normal hexagonal system. If a 
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subgraph H’ of H is normal, then we call H’ a norrnul subsystem of H. The two 
concepts can be found in [2, 51. 
First, we need to make some preparations. 
Lemma 1 ((Zhang and Chen [5] or Cyvin and Gutman [2])). Let H be a hexugonal 
system with perfect matchings. Then H contains at least 2 perfect matchings. 
Lemma 2. If’ H contains a forcing single edge e, then H does not have any jixed 
edges, i.e., H is normal. 
Proof. From Lemma 1 and the definition of forcing single edges, e is neither fixed 
single nor fixed double. Hence, e belongs to a normal subsystem of H. If H has fixed 
edges, then H contains at least two normal subsystems HI and Hz [5] with e E HI. 
Since H2 is normal, there are at least two perfect matchings not containing the edge 
e, a contradiction. El 
Lemma 3. Let e = uv be a forcing single edge of a hexagonal system H. Then there 
ure forcing double edges ,f and g of H incident with u and v, respectively. 
Proof. Since e = uv is forcing single, there are two edges f and g incident with 
u and v, respectively, which are double edges in the unique perfect matching of H 
not containing the forcing single edge e. Conversely, as long as f or g is taken 
as a double edge, e is a single edge. Since e is forcing single, there is a unique 
perfect matching containing f or g as a double edge, i.e., f and g are forcing 
double. 0 
Theorem 1. Let e = uv be u forcing single edge of a hexagonal system H. Then both 
u and v huve degree 2 and the two edges f und g incident with u and v, respective&a, 
ure jbrcing double edges. 
Proof. Obviously, the degrees d(u) and d(v) of u and v are at least two. If, say, 
d(u) > 2, then let e, f l,.fz be distinct edges incident with U. By Lemma 2, H is 
normal, and also ,f 1 and f 2 are contained in (different) perfect matchings, neither of 
which contains e. This contradicts that e is a forcing single edge. Therefore, d(u) = 
d(v) = 2, and the rest follows from Lemma 3. 0 
Note that from [7, Ch.41 the above conclusions are still valid for any bipartite graphs 
with minimum degree at least two. 
3. Main results 
In the following, we shall completely determine all the hexagonal systems with a 
forcing single edge and give a generating function for the number of such 
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systems. First, we need some more notations, which are the same as those in [12] 
or [ll]. 
Let H be a hexagonal system, SO be a hexagon of H, 0 be the center of SO. 
A coordinate system (OA, OB, OC) with respect to (w.r.t.) SO consists of three half- 
lines emanating from 0 at angles of 120”, so that each line perpendicularly inter- 
sects a set of parallel edges of H, as in Fig. 2. It divides the plane into three areas, 
AOB, BOC, COA. For a point W in one area, say AOB, define the coordinates of W to 
be the lengths of 0 WA and 0 W, (see Fig. 2), and denote them by W( OA ) and W( OB), 
respectively. 
The characteristic or dual graph T(H) of a hexagonal system H is the planar graph 
whose vertices are the centers of the hexagons of H, with two vertices adjacent if and 
only if the corresponding hexagons have a common edge. We define the perimeter of 
T(H) to be the boundary of the exterior face, which is a closed walk in which each 
cut-edge of T(H) is traversed twice. 
Let (OA, OB, OC) be a coordinate system of H. If the part of the perimeter of 
T(H) lying in some area, say AOB, is a path WI WZ . . . W, after deleting the edges 
lying on OA and OB and the path satisfies: Wl(OA) 2 Wz(OA)> . . 3 W,(OA) and 
W,(OB)< Wz(OB)< ... < W,(OB), or W,(OA)< Wz(OA)d ... d W,(OA) and 
W,(OB)3 W2(OB)2 ... b W,(OB), then we call H monotone in the area AOB. If H is 
monotone in all three areas, then H is said to be monotone w. r. t. the coordinate system 
(OA, OB, OC) (see Fig. 3). 
Our main result is given as follows. 
Theorem 2. A hexagonal system H has a forcing single edge (e.g. as indicated in 
Fig. 4) if and only if H is a graph as shown in Fig. 4 monotone in the area AOB. 
Proof. The “if” part is easy to see. For the “only if” part, from Lemma 3 we know 
that H has a forcing double edge. By Theorem 1 of [12], H must be monotone w.r.t. 
some coordinate system (OA, OB, OC), and the only possible forcing double edges are 
the edges ei, e2 and e3 shown in Fig. 5. 
Fig. 2. 
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Fig. 3 
Fig. 4. 
Fig. 5. 
By Theorem 1, any forcing single edge must join two of these three edges at vertices 
of degree 2. Thus, the existence of a forcing single edge requires that at least one of 
the axes OA, OB, OC intersects no hexagon of H except for SO. The conclusion now 
follows because of the monotonicity of H. 0 
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Fig. 6. 
Fig. 7. 
Theorem 3. If H has a forcing single edge, then we have: 
0) 
(ii) 
(iii) 
(iv) 
If H is a hexagon, then all the six edges of H are forcing single edges, which 
are also the six forcing double edges. 
If H is a hexagonal straight chain with more than one hexagon, then H has 
4 forcing single edges, as indicated in Fig. 6(a). 
If H is a parallelogram (see Fig. 6(b)), then H has 2 forcing single edges. 
If H is none of the above three cases and as shown in Fig. 4, then H has 
only one forcing single edge. 
Proof. It follows immediately from Theorems 2 and 1 as well as Theorem 2 
of [12]. 0 
Note that a hexagonal system H has an edge which is both forcing single and forcing 
double if and only if H is a hexagon. 
Finally, we turn to the enumeration of the hexagonal systems with forcing single 
edges. It is easy to see that if we draw Fig. 4 as in Fig. 7, we get a Ferrers diagram. 
From [l] we know that the generating function is 
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where the coefficient ph of xh is the number of partitions of the natural number h, 
which is also the number of hexagonal systems with a forcing single edge and with h 
hexagons. 
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